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1 The Proof of Alzer’s Conjecture on
Generalized Logarithmic Mean ∗
Hongwei Lou†and Dongdi Liu‡
Abstract. In 1987, Alzer posed a conjecture on generalized logarithmic mean,
which was introduced by Stolarsky in 1975. To prove Alzer’s conjecture, Lou posed
a conjecture on generalized inverse harmonic mean in 1995. By proving Lou’s
conjecture, the paper yields Alzer’s conjecture finally.
Key words and phrases. generalized logarithmic mean, generalized inverse har-
monic mean, Alzer’s Conjecture
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1. Introduction. For two positive numbers a and b, Stolarsky defined in
[12] the generalized logarithmic mean of a, b as
Lr(a, b)
△
=
( br − ar
r(b− a)
) 1
r−1
, (1.1)
where r ∈ [−∞,+∞] and L−∞(a, b), L0(a, b), L1(a, b), L+∞(a, b) are looked as the
corresponding limits:
L−∞(a, b)
△
= lim
r→−∞
Lr(a, b) = min(a, b),
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L0(a, b)
△
= lim
r→0
Lr(a, b) =
b− a
ln b− ln a,
L1(a, b)
△
= lim
r→1
Lr(a, b) =
1
e
( bb
aa
) 1
b−a
,
L+∞(a, b)
△
= lim
r→+∞
(a, b) = max(a, b).
Similarly, in this paper, the value of a function on its contact discontinuity point
is always looked as its corresponding limit. The generalized logarithmic mean has
been studied by many researchers and it is still an interesting topic today (see
[2]—[8], [10]—[11], [14]—[13], for examples). The aim of this paper is to prove the
following inequalities related to generalized logarithmic mean:
2L0(a, b) < Lr(a, b) + L−r(a, b) < a+ b, ∀ r ∈ (0,+∞), b > a > 0. (1.2)
The above inequalities is a conjecture posed by Alzer [1] in 1987. Alzer himself
proved that
L1(a, b) + L−1(a, b) > 2L0(a, b), ∀ b > a > 0 (1.3)
and the following result:
Lemma 1.1. For any r ∈ (0,+∞), b > a > 0, it holds that
ab < Lr(a, b)L−r(a, b) < L
2
0(a, b). (1.4)
To prove (1.2), Lou studied generalized inverse harmonic mean (which is a
special case of Gini mean [5]) of two positive numbers in [9],
Cr(a, b)
△
=
(br + ar
b+ a
) 1
r−1
, (1.5)
where r ∈ [−∞,+∞]. We mention that
C0(a, b) = L2(a, b) =
a+ b
2
, C−1(a, b) = L−1(a, b) =
√
ab, C2(a, b) =
a2 + b2
a + b
are the arithmetic mean, the geometric mean and the inverse harmonic mean,
respectively. While
C−∞(a, b) = min(a, b), C1(a, b) =
(
bbaa
) 1
b+a
, C+∞(a, b) = max(a, b).
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On the other hand, we have
Lr(a
2, b2) = Lr(a, b)Cr(a, b), ∀ r ∈ [−∞,+∞], a, b > 0. (1.6)
Using (1.6), Lou observed in [9] that (1.2) can be proved if the following equalities
hold (see the proofs of Conjectures A and B in Sections 3 and 5):


Cr(a, b) + C−r(a, b) > a+ b,
C2r (a, b) + C
2
−r(a, b) < a
2 + b2,
∀ r ∈ (0,+∞), b > a > 0. (1.7)
More precisely, rewrite (1.2) and (1.7) as
Conjecture A (H. Alzer) It holds that
Lr(a, b) + L−r(a, b) > 2L0(a, b), ∀ r ∈ (0,+∞], b > a > 0; (1.8)
Conjecture B (H. Alzer) It holds that
Lr(a, b) + L−r(a, b) < a + b, ∀ r ∈ [0,+∞), b > a > 0; (1.9)
Conjecture 1 (H. Lou) It holds that
Cr(a, b) + C−r(a, b) > a+ b, ∀ r ∈ (0,+∞), b > a > 0; (1.10)
Conjecture 2 (H. Lou) It holds that
C2r (a, b) + C
2
−r(a, b) < a
2 + b2, ∀ r ∈ [0,+∞), b > a > 0. (1.11)
Then, noting that
lim
b→a
Lr(a, b) + L−r(a, b)− 2L0(a, b)
(b− a)4 =
r2
960a3
> 0, (1.12)
and
lim
b→a
Lr(a, b) + L−r(a, b)− a− b
(b− a)2 = −
1
6a
< 0, (1.13)
Lou showed in [9] that Conjecture 1 implies Conjecture A while Conjecture 2
implies Conjecture B. Unfortunately, Conjectures 1 and 2 are also difficult to prove
though some special cases were verified in [9]. It was proved there that Conjectures
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1 and A hold when r = 1, 2, 1
2
, 3, 1
3
, 3
2
, 2
3
, while Conjectures 2 and B hold when
r ∈ [1
7
, 7].
In this paper, by the help of symbolic calculation in computer, we are able to
prove Conjectures 1 and 2. And then we get the proofs of Conjectures A and B.
We would like to mention that since the Stolarsky mean ([12])
Ep,q(a, b)
△
=
(q
p
bp − ap
bq − aq
) 1
p−q
and the Gini mean
Gp,q(a, b)
△
=
(bp + ap
bq + aq
) 1
p−q
can be got by
Ep,q(a, b) =


(
Lp/q(a
q, bq)
) 1
q
, if q 6= 0,
L0(a, b), if p = q = 0,
and
Gp,q(a, b) =


(
Cp/q(a
q, bq)
) 1
q
, , if q 6= 0,
C0(a, b), if p = q = 0,
in some sense, it is enough to study Lr(a, b) and Cr(a, b) when one need to study
Ep,q(a, b) and Gp,q(a, b).
Sections 2 and 4 are devoted to prove Conjectures 1 and 2, while Sections 3
and 5 are devoted to prove Conjectures A and B.
2. Proof of Conjecture 1. We recall some basic properties of Lr(a, b) and
Cr(a, b).
Proposition 2.1. Assume a, b > 0, r ∈ [−∞,+∞].
(i) Lr(a, b) is symmetric, that is,
Lr(a, b) = Lr(b, a). (2.1)
(ii) For any α > 0,
Lr(αa, αb) = αLr(a, b). (2.2)
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(iii) For any −∞ < s < r < +∞, b > a > 0,
min(a, b) < Ls(a, b) < Lr(a, b) < max(a, b). (2.3)
The proof of the above proposition can be found in [12].
Proposition 2.2. Assume a, b > 0, r ∈ [−∞,+∞].
(i) Cr(a, b) is symmetric, that is,
Cr(a, b) = Cr(b, a). (2.4)
(ii) For any α > 0,
Cr(αa, αb) = αCr(a, b). (2.5)
(iii) For any −∞ < s < r < +∞, b > a > 0,
min(a, b) < Cs(a, b) < Cr(a, b) < max(a, b). (2.6)
(iv) Let 0 < r < s < +∞, b > a > 0. Then
C2
−1(a, b) < Cs(a, b)C−s(a, b) < Cr(a, b)C−r(a, b) < C
2
0(a, b). (2.7)
Proof. Though the proof of above proposition was given in [9], for the conve-
nience of readers, we give the proofs of (iii)—(iv) in the following. Without loss of
generality, we set b > a = 1.
(iii) It suffice to prove that
f(r, b)
△
=
∂
∂r
(
lnCr(1, b)
)
= − 1
(r − 1)2 ln
br + 1
b+ 1
+
1
r − 1
br ln b
br + 1
.
is positive. Denote
g(r, b) = (1− r)2f(r, b).
We have
∂g(r, b)
∂r
= (r − 1) b
r ln2 b
(br + 1)2
.
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Thus, for fixed b > 1, g(r, b) is decreasing strictly in r ∈ (0, 1) and increasing
strictly in r ∈ (1,+∞). Therefore,
g(r, b) > g(1, b) = 0, ∀ r 6= 1.
Consequently, f(r, b) is positive since
f(1, b) = lim
r→1
f(r, b) =
b ln2 b
2(b+ 1)2
> 0.
(iv) We have
∂
∂r
[
ln
(
Cr(1, b)C−r(1, b)
)]
= f(r, b)− f(−r, b).
Let
h(r, b) =
(r − 1)2(r + 1)2
r
(f(r, b)− f(−r, b))
=
(r + 1)2
r
g(r, b)− (r − 1)
2
r
g(−r, b), r > 0.
Then we can get that
∂h(r, b)
∂r
=
(r2 − 1) ln b
r2(br + 1)2
(
1− b2r + 2rbr ln b
)
=
(1− r2) ln2 b
r(br + 1)2
(
L0(1, b
2r)− L−1(1, b2r)
)
.
Thus, h(r, b) is increasing strictly in r ∈ (0, 1) and decreasing strictly in r ∈
(1,+∞). Consequently,
h(r, b) < h(1, b) = 0, ∀ r > 0, r 6= 1.
Therefore, ln
(
Cr(1, b)C−r(1, b)
)
is decreasing strictly in r ∈ (0,+∞) and (2.7)
follows. ✷
Now, we begin to prove Conjecture 1 and state it as
Theorem 2.3. Let r ∈ (0,+∞), b > a > 0. Then we have
Cr(a, b) + C−r(a, b) > a + b. (2.8)
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Proof. Without loss of generality, we set b > a = 1. Since
(
C 1
r
(1, x) + C
−
1
r
(1, x)− x− 1
)∣∣∣
x=br
=
(
Cr(1, b) + C−r(1, b)− b− 1
)br + 1
b+ 1
,
we see that (2.8) holds for some r = r0 ∈ (0, 1] if and only if it holds for r = 1r0 .
Therefore, we can suppose that r ≥ 1 without loss of generality. We have
∂Cr(1, b)
∂b
=
rbr + rbr−1 − br − 1
(r − 1)(br + 1)(b+ 1)Cr(1, b), (2.9)
∂C−r(1, b)
∂b
=
r + rb−1 + br + 1
(r + 1)(br + 1)(b+ 1)
C−r(1, b). (2.10)
Let
F0(r, b) =
Cr(1, b) + C−r(1, b)− b− 1
b+ 1
.
Then
∂
∂b
F0(r, b) =
rbr + rbr−1 − br − 1
(r − 1)(br + 1)(b+ 1)2Cr(1, b)
+
r + rb−1 + br + 1
(r + 1)(br + 1)(b+ 1)2
C−r(1, b)
−Cr(1, b) + C−r(1, b)
(b+ 1)2
=
r(br−1 − 1)C−r(1, b)
(r − 1)(br + 1)(b+ 1)2
[ Cr(1, b)
C−r(1, b)
− (r − 1)(b
r − b−1)
(r + 1)(br−1 − 1)
]
.
Consider
F1(r, b) = ln
Cr(1, b)
C−r(1, b)
− ln (r − 1)(b
r − b−1)
(r + 1)(br−1 − 1) , ∀ r ≥ 1, b > 1.
We have
∂F1(r, b)
∂b
=
1
Cr(1, b)
∂Cr(1, b)
∂b
− 1
C−r(1, b)
∂C
r
(1, b)
∂b
+
(r − 1)br−2
br−1 − 1 −
rbr−1 + b−2
br − b−1
=
rbr + rbr−1 − br − 1
(r − 1)(br + 1)(b+ 1) −
r + rb−1 + br + 1
(r + 1)(br + 1)(b+ 1)
+
(r − 1)br−2
br−1 − 1 −
rbr−1 + b−2
br − b−1
=
F2(r, b)
(r − 1)(r + 1)b2(br + 1)(b+ 1)(br−1 − 1)(br − b−1) ,
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where
F2(r, b) = −(r − 1)b3r+1 + (r + 1)b3r + r2(r − 1)b2r+2
+(r + 1)(r2 − 4r + 1)b2r+1 − (r − 1)(r2 + 4r + 1)b2r
−r2(r + 1)b2r−1 + r2(r + 1)br+2 + (r − 1)(r2 + 4r + 1)br+1
−(r + 1)(r2 − 4r + 1)br − r2(r − 1)br−1 − (r + 1)b+ (r − 1)
= 2e(3r+1)x
(
− (r − 1) sh (3r + 1)x+ (r + 1) sh (3r − 1)x
+r2(r − 1) sh (r + 3)x+ (r + 1)(r2 − 4r + 1) sh (r + 1)x
−(r − 1)(r2 + 4r + 1) sh (r − 1)x− r2(r + 1) sh (r − 3)x
)
≡ 2e(3r+1)xG2(r, x)
and x = ln
√
b. Let
G3(r, x)
△
=
( ∂
∂x
− (r − 1)
)
G2(r, x),
G4(r, x)
△
=
( ∂
∂x
+ (r − 1)
)
G3(r, x) =
( ∂2
∂x2
− (r − 1)2
)
G2(r, x)
G5(r, x)
△
=
( ∂
∂x
− (r + 1)
)
G4(r, x),
G6(r, x)
△
=
( ∂
∂x
+ (r − 1)
)
G5(r, x) =
( ∂2
∂x2
− (r + 1)2
)
G4(r, x)
G7(r, x)
△
=
( ∂
∂x
− (r − 3)
)
G6(r, x),
G8(r, x)
△
=
( ∂
∂x
+ (r − 3)
)
G7(r, x) =
( ∂2
∂x2
− (r − 3)2
)
G6(r, x)
G9(r, x)
△
=
( ∂
∂x
− (r + 3)
)
G8(r, x),
G10(r, x)
△
=
( ∂
∂x
+ (r + 3)
)
G9(r, x) =
( ∂2
∂x2
− (r + 3)2
)
G8(r, x),
∀ x > 0, r > 1.
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Denote

λ1
λ2
λ3
λ4
λ5
λ6


=


r − 1
r + 1
r − 3
r + 3
3r − 1
3r + 1


,Λ =


λ1
λ2
λ3
λ4
λ5
λ6


, X(x) =


sh λ1x
sh λ2x
sh λ3x
sh λ4x
sh λ5x
sh λ6x


and define
A2 =


−(r − 1)(r2 + 4r + 1)
(r + 1)(r2 − 4r + 1)
−r2(r + 1)
r2(r − 1)
(r + 1)
−(r − 1)


and
A⊤2(k+1) = A
⊤
2k(Λ
2 − λ2kI6), k = 1, 2, 3, 4,
where In denotes the n× n unit matrix. Then we have
G2k(r, x) = A
⊤
2kX(x), k = 1, 2, 3, 4, 5.
Further, we can get that
Gk(r, 0) =


0, k = 2, 3, 4, 6, 7, 8,
16r(r − 1)(r + 1)2, k = 5,
4(r + 1)2(r − 1)2, k = 7,
−4480r3(r − 1)2(r + 1)2, k = 9
(2.11)
and
G10(r, x)
1024r2(r − 1)2(r + 1)2(2r − 1)(2r + 1)
= −(r + 2) sh (3r + 1)x+ (r − 2) sh (3r − 1)x
< 0, ∀ x > 0, r > 1.
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Now, we call a function g poses Property (S) on (α,+∞) if
∃A ∈ (α,+∞), such that


g(x) > 0 in (α,A)
g(x) < 0 in (A,+∞).
Noting that Gk(r,+∞) = −∞ and
F1(r, 1) = 1, F1(r,+∞) = −∞,
we get from (2.11) that for fixed r > 1,
G10(r, x) < 0, ∀ x > 0
⇓
G9(r, x) < 0, ∀ x > 0
⇓
G8(r, x) < 0, ∀ x > 0
⇓
G7(r, x) poses Property (S) on (0,+∞)
⇓
G6(r, x) poses Property (S) on (0,+∞)
⇓
...
⇓
G2(r, x) poses Property (S) on (0,+∞)
⇓
F2(r, b) poses Property (S) on (1,+∞)
⇓
F1(r, b) poses Property (S) on (1,+∞).
Therefore, for some b0 = b0(r) ∈ (1,+∞), F0(r, b) is increasing strictly in b ∈ (1, b0)
and decreasing strictly in b ∈ (b0,+∞). Consequently,
F0(r, b) > min
(
F0(r, 1), F0(r,+∞)
)
= min(0, 0) = 0, ∀ b > 1.
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That is, (2.8) holds for r > 1.
For the case of r = 1, we can prove similarly that
F1(1, b) poses Property (S) on (1,+∞)
and then get (2.8). We can also prove (2.8) for r = 1 in the following manner.
First, we can verify that F1(1,+∞) = −∞. On the other hand, along a
subsequence r → 1+, b0(r) tends to ℓ with ℓ = 0,+∞ or a positive number.
If ℓ = 0, then by the continuity of F1 we have F1(1, b) ≤ 0. Then F0(1,+∞) <
F0(1, 1) since F1(1, b) is negative for large b. This contradicts to F0(1,+∞) =
F0(1, 1) = 0.
If ℓ = +∞, then by the continuity of F1 we have F1(1, b) ≥ 0. This contradicts
to F1(1,+∞) = −∞.
Thus, we must have ℓ ∈ (0,+∞) and

F1(1, b) ≥ 0, if b ∈ (0, ℓ),
F1(1, b) ≤ 0, if b ∈ (ℓ,+∞).
Therefore F0(1, b) is increasing in b ∈ (1, ℓ) and decreasing in b ∈ (ℓ,+∞). Finally,
we can get (2.8) since F0(1, b) is analytic and not a constant in (1,+∞). ✷
3. Proof of Conjecture A. We will prove Conjecture A in this section.
Theorem 3.1. Let r ∈ (0,+∞], b > a > 0. Then we have
Lr(a, b) + L−r(a, b) > 2L0(a, b). (3.1)
Proof. We need only to consider the cases of r ∈ (0,+∞) since (3.1) holds
obviously when r = +∞:
L+∞(a, b) + L−∞(a, b) = 2L2(a, b) > 2L0(a, b).
Moreover, we can suppose that b > a = 1 without loss of generality.
By (1.12), there exists a β = β(r) > 1 such that
Lr(1, b) + L−r(1, b) > 2L0(1, b), ∀ b ∈ (1, β). (3.2)
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Thus by (1.6),Theorem 2.3, Propositions 2.1 and 2.2, we have that, for any b ∈
(1, β),
Lr(1, b
2) + L−r(1, b
2)
= Lr(1, b)Cr(1, b) + L−r(1, b)Cr(1, b)
=
1
2
(
Lr(1, b) + L−r(1, b)
)(
Cr(1, b) + C−r(1, b)
)
+
1
2
(
Lr(1, b)− L−r(1, b)
)(
Cr(1, b)− C−r(1, b)
)
>
1
2
(
Lr(1, b) + L−r(1, b)
)(
Cr(1, b) + C−r(1, b)
)
> 2L0(1, b)C0(1, b) = 2L0(1, b
2).
Therefore,
Lr(1, b) + L−r(1, b) > 2L0(1, b), ∀ b ∈ (1, β2). (3.3)
By induction, we can get that
Lr(1, b) + L−r(1, b) > 2L0(1, b), ∀ b ∈ (1,+∞). (3.4)
We get the proof. ✷
4. Proof of Conjecture 2. This section devotes to prove Conjecture 2.
We state a lemma first.
Lemma 4.1. Let r ∈ (1,+∞), b > a > 0. Then
b2 + a2
(b+ a)2
<
b2r + a2r
(br + ar)2
. (4.1)
Equivalently,
C2r (a, b) < Cr(a
2, b2). (4.2)
Proof. The lemma follows directly from that
x2 + a2
(x+ a)2
is increasing strictly in
x ∈ (a,+∞). ✷
Now we state Conjecture 2 as
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Theorem 4.2. Let r ∈ [0,+∞), b > a > 0. Then
C2r (a, b) + C
2
−r(a, b) < a
2 + b2. (4.3)
Proof. Without loss of generality, assume that b > a = 1. We will prove (4.3)
by discussing four cases.
Case I: r ∈ [1, 3]. As we pointed out in [9], by Proposition 2.2(iii),
C2r (1, b) + C
2
−r(1, b) < C
2
3 (1, b) + C
2
−1(1, b) = b
2 + 1.
Case II: r ∈ (3,+∞)1. Denote
H0(r, b) =
C2r (1, b) + C
2
−r(1, b)− b2 − 1
2(b2 + 1)
.
By (2.9)—(2.10),
∂
∂b
H0(r, b)
=
rbr + rbr−1 − br − 1
(r − 1)(br + 1)(b+ 1)(b2 + 1)C
2
r (1, b)
+
r + rb−1 + br + 1
(r + 1)(br + 1)(b+ 1)(b2 + 1)
C2
−r(1, b)
− b
(b2 + 1)2
(C2r (1, b) + C
2
−r(1, b))
=
br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1
(r − 1)(b+ 1)(b2 + 1)2(br + 1) C
2
r (1, b)
−rb
r+3 + (r + 1)br+2 − br+1 + b2 − (r + 1)b− r
(r + 1)b(b+ 1)(b2 + 1)2(br + 1)
C2−r(1, b)
=
br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1
(r − 1)(b+ 1)(b2 + 1)2(br + 1)
( C2r (1, b)
C2−r(1, b)
−(r − 1)(rb
r+2 + (r + 1)br+1 − br + b− (r + 1)− rb−1)
(r + 1)(br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1)
)
. (4.4)
Obviously, for any r ≥ 3, b > 1, it holds that2
br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1 > 0. (4.5)
1In fact, this step holds for all r ∈ (1,+∞).
2It is not very hard but a little complex to prove that (4.5) holds for all r > 1, b > 1.
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On the other hand,
rbr+2 + (r + 1)br+1 − br + b− (r + 1)− rb−1
= br(b− 1) + r(br+2 − b−1) + rbr+1 + b− (r + 1)
> 0, ∀ r > 1, b > 1. (4.6)
Thus we can define
H1(r, b) = ln
C2r (1, b)
C2−r(1, b)
− ln (r − 1)(rb
r+2 + (r + 1)br+1 − br + b− (r + 1)− rb−1)
(r + 1)(br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1) . (4.7)
We have
∂
∂b
H1(r, b) = 2
rbr + rbr−1 − br − 1
(r − 1)(br + 1)(b+ 1)
−2 r + rb
−1 + br + 1
(r + 1)(br + 1)(b+ 1)
− r(r + 2)b
r+1 + (r + 1)2br − rbr−1 + 1 + rb−2
rbr+2 + (r + 1)br+1 − br + b− (r + 1)− rb−1
+
(r + 1)br + (r − 1)rbr−1 + r(r − 1)br−2 − 2rb− (r − 1)
br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1
=
1
br+1 + (r − 1)br + rbr−1 − rb2 − (r − 1)b− 1
· 1
rbr+2 + (r + 1)br+1 − br + b− (r + 1)− rb−1
· rH2(r, b)
(r − 1)(r + 1)b2(b+ 1)(br + 1) , (4.8)
where
H2(r, b) = (r − 1)2b3r+5 + (r2 + 6r − 3)b3r+4 + 4(r + 1)b3r+3 + 4(r − 1)b3r+2
−(r2 − 6r − 3)b3r+1 − (r + 1)2b3r + r2(r − 1)2b2r+6
+(3r4 − 6r3 − 6r2 − 2r + 3)b2r+5 + (3r4 − 10r3 − 6r2 + 6r − 9)b2r+4
+(r4 − 14r3 + r2 + 4r + 12)b2r+3 − (r4 + 14r3 + r2 − 4r + 12)b2r+2
−(3r4 + 10r3 − 6r2 − 6r − 9)b2r+1 − (3r4 + 6r3 − 6r2 + 2r + 3)b2r
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−r2(r + 1)2b2r−1 + r2(r + 1)2br+6 + (3r4 + 6r3 − 6r2 + 2r + 3)br+5
+(3r4 + 10r3 − 6r2 − 6r − 9)br+4 + (r4 + 14r3 + r2 − 4r + 12)br+3
−(r4 − 14r3 + r2 + 4r + 12)br+2 − (3r4 − 10r3 − 6r2 + 6r − 9)br+1
−(3r4 − 6r3 − 6r2 − 2r + 3)br − r2(r − 1)2br−1 + (r + 1)2b5
+(r2 − 6r − 3)b4 − 4(r − 1)b3 − 4(r + 1)b2 − (r2 + 6r − 3)b
−(r − 1)2
= 2e(3r+5)x
(
(r − 1)2 sh (3r + 5)x+ (r2 + 6r − 3) sh (3r + 3)x
+4(r + 1) sh (3r + 1)x+ 4(r − 1) sh (3r − 1)x
−(r2 − 6r − 3) sh (3r − 3)x− (r + 1)2 sh (3r − 5)x
+r2(r − 1)2 sh (r + 7)x+ (3r4 − 6r3 − 6r2 − 2r + 3) sh (r + 5)x
+(3r4 − 10r3 − 6r2 + 6r − 9) sh (r + 3)x
+(r4 − 14r3 + r2 + 4r + 12) sh (r + 1)x
−(r4 + 14r3 + r2 − 4r + 12) sh (r − 1)x
−(3r4 + 10r3 − 6r2 − 6r − 9) sh (r − 3)x
−(3r4 + 6r3 − 6r2 + 2r + 3) sh (r − 5)x− r2(r + 1)2 sh (r − 7)x
)
≡ 2e(3r+5)xW2(r, x), (4.9)
where x = ln
√
b. Similar to Section 2, we define

µ1 µ8
µ2 µ9
µ3 µ10
µ4 µ11
µ5 µ12
µ6 µ13
µ7 µ14


=


r − 1 3r + 1
r + 1 r − 7
r − 3 3r − 3
r + 3 3r + 3
r − 5 r + 7
r + 5 3r − 5
3r − 1 3r + 5


,


W2k+1(r, x)
△
=
( ∂
∂x
− µk
)
W2k(r, x),
W2k+2(r, x)
△
=
( ∂
∂x
+ µk
)
W2k+1(r, x),
k = 1, 2, . . . , 13.
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We have
W2k(r, 0) = 0, k = 1, 2, . . . , 12,
W3(r, 0) = 0,
W5(r, 0) = 128(r − 1)2(r + 1)2(r2 + 3),
W5(r, 0) = 128(r − 1)2(r + 1)2(r2 + 3),
W7(r, 0) = 18432(r − 1)2(r + 1)2(r2 + 1),
W9(r, 0) = 2048(r − 1)2(r + 1)2(49r4 + 54r3 + 699r2 + 54r + 180),
W11(r, 0) = 32768(r − 1)2(r + 1)2(26r6 + 535r4 + 2019r2 + 180),
W13(r, 0) = 16384(r − 1)2(r + 1)2(488r7 + 520r6 + 14131r5
+10700r4 + 63873r3 + 40380r2 + 94080r + 3600),
W15(r, 0) = 262144r
2(r − 1)2(r + 1)2(280r8 + 11536r6 + 67429r4
+103185r2 + 117612),
W17(r, 0) = 1572864r
2(r − 1)2(r + 1)2(48r10280r9 + 10246r8
+11536r7 + 181169r6 + 67429r5 + 584375r4
+103185r3 + 725272r2 + 117612r + 924768),
W19(r, 0) = 25165824r
2(r − 1)2(r + 1)2(1674r10 + 98095r8
+912478r6 + 1651021r4 + 2096148r2 + 2748384),
W21(r, 0) = 50331648r
2(r − 1)2(r + 1)2(7668r12 + 11718r11
+600358r10 + 686665r9 + 7482173r8 + 6387346r7
+18275708r6 + 11557147r5 + 977689r4 + 14673036r3
+16973484r2 + 19238688r− 319680),
W23(r, 0) = 1207959552r
2(r − 1)2(r + 1)2(324r14 + 6318r13 + 115858r12
+591119r11 + 3938675r10 + 8991557r9 + 27578739r8
+31160805r7 + 37714913r6 + 15674485r5 + 1539103r4
+40673476r3 + 56552388r2 + 31638240r− 216000),
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W25(r, 0) = 2415919104r
2(r − 1)2(r + 1)2(75956r14 + 118328r13
+7598119r12 + 8628046r11 + 131265979r10 + 114185470r9
+559333873r8 + 414634234r7 + 392275685r6 + 21748202r5
−439324492r4 + 596357720r3 + 1115006880r2 + 636048000r
−1728000),
W27(r, 0) = 38654705664r
2(r − 1)3(r + 1)3(2r − 1)(2r + 1)(10692r12
+1371339r10 + 31347410r8 + 183116951r6 + 282237368r4
+92029680r2 + 2592000).
While
W28(r, x) = (r − 1)2
13∏
k=1
(
(3r + 5)2 − µ2k
)
sh (3r + 5)x
= (r − 1)2
13∏
k=1
(
(3r + 5)2 − µ2k
)
sh (3r + 5)x
> 0, ∀ x > 0, r > 1 (4.10)
since 3r + 5 > |µk| for r > 1 and 1 ≤ k ≤ 13. It is easy to see from above that
when r > 1,
Wk(r, 0) =


0, k = 2m, m = 1, 2, . . . , 13,
0, k = 3,
> 0, k = 2m+ 1, m = 2, 3, . . . , 13.
(4.11)
Combining (4.11) with (4.10) we get that
W2(r, x) > 0, ∀ r > 1, x > 0. (4.12)
Combing (4.8)—(4.9) with (4.12), we get that H1(r, b) is increasing strictly in
b ∈ [1,+∞). Thus there exists a b1 = b1(r) ∈ (1,+∞) such that H1(r, b) is
negative in (1, b1) and positive in (b1,+∞) since
H1(r, 1) = − ln r + 1
r − 1 < 0, H1(r,+∞) = +∞.
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Consequently, H0(r, b) is decreasing strictly in (1, b1) and increasing strictly in
(b1,+∞). Therefore
H0(r, b) < min(H0(r, 1), H0(r,+∞)) = min(0, 0) = 0, ∀ r > 1, b > 1.
That is,
C2r (1, b) + C
2
−r(1, b) < 1 + b
2, ∀ r > 1, b > 1.
Case III: r = 0. We have
2C20(1, b) = 2
(1 + b
2
)2
< 1 + b2, ∀ b > 1.
Case IV: r ∈ (0, 1). Denote s = 1
r
. Then s > 1. By Lemma 4.1 and what
we got in Case II, we have
C2r (1, b
s) + C2−r(1, b
s)
=
(1 + bs
1 + b
)2
C2s (1, b) +
(1 + bs
1 + b
)2
C2
−s(1, b)
<
(1 + bs
1 + b
)2
(1 + b2) < 1 + b2s, ∀ b > 1.
Therefore,
C2r (1, b) + C
2
−r(1, b) < 1 + b
2, ∀ b > 1.
Combining Cases I—IV, we get the proof. ✷
One can get immediately from Theorem 4.2 that
Corollary 4.3. Let r ∈ [0,+∞), a, b > 0, a 6= b. Then we have
C+∞(a, b)Cr(a, b) + C−∞(a, b)C−r(a, b) < a
2 + b2. (4.13)
5. Proof of Conjecture B.
We turn to prove Conjecture B and state it as
Theorem 5.1. Let r ∈ [0,+∞), b > a > 0. Then we have
Lr(a, b) + L−r(a, b) < a+ b. (5.1)
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Proof. Without loss of generality, we suppose that b > a = 1. Since (5.1)
holds obviously for r = 0, we suppose that r ∈ (0,+∞) in the following. By
(1.13), there exists a γ > 1, such that
Lr(1, b) + L−r(1, b) < b+ 1, ∀ b ∈ (1, γ). (5.2)
Thus by Corollary 4.2, Propositions 2.1–2.2, and noting that
Lr(1, b)− L−r(1, b) < b− 1,
we have
Lr(1, b
2) + L−r(1, b
2)
= Lr(1, b)Cr(1, b) + L−r(1, b)Cr(1, b)
=
1
2
(
Lr(1, b) + L−r(1, b)
)(
Cr(1, b) + C−r(1, b)
)
+
1
2
(
Lr(1, b)− L−r(1, b)
)(
Cr(1, b)− C−r(1, b)
)
<
1
2
(b+ 1)
(
Cr(1, b) + C−r(1, b)
)
+
1
2
(b− 1)
(
Cr(1, b)− C−r(1, b)
)
= bCr(1, b) + C−r(1, b)
< b2 + 1.
Therefore,
Lr(1, b) + L−r(1, b) < b+ 1, ∀ b ∈ (1, γ2). (5.3)
We get the proof by induction. ✷
6. Further Results. In this section, we will yield some related results. We
have
Corollary 6.1. Let 0 < r < +∞, b > a > 0. Then
Cr(a, b) + C−r(a, b) <
√
3a2 + 2ab+ 3b3
2
(6.1)
and
C2r (a, b) + C
2
−r(a, b) >
(a+ b)2
2
. (6.2)
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Proof. We have
Cr(a, b) + C−r(a, b) =
√
C2r (a, b) + C
2
−r(a, b) + 2Cr(a, b)C−r(a, b)
<
√
a2 + b2 + 2
(a+ b
2
)2
=
√
3a2 + 2ab+ 3b3
2
and
C2r (a, b) + C
2
−r(a, b) ≥
(Cr(a, b) + C−r(a, b))
2
2
>
(a+ b)2
2
.
We get the proof. ✷
Remark 6.1. By Proposition 2.2, Theorem 2.3 and Corollary 6.1, for 0 < r <
+∞, b > a > 0, we have the following inequalities:
C−1(a, b) <
√
Cr(a, b)C−r(a, b) < C0(a, b) <
Cr(a, b) + C−r(a, b)
2
<
√
C0(a, b)(C0(a, b) + C2(a, b))
2
. (6.3)
The following result can be looked a corollary of Proposition 2.2:
Lemma 6.2. Let 0 < r < s < +∞, b > a > 0. Then
ab < Ls(a, b)L−s(a, b) < Lr(a, b)L−r(a, b) < L
2
0(a, b). (6.4)
Proof. Let 0 < r < s < +∞, b > a = 1. We have
lim
b→1
Lr(1, b)L−r(1, b)− Ls(1, b)L−s(1, b)
(b− 1)4 =
s2 − r2
1440
.
Thus, there exists a µ = µ(r, s) > 1 such that for any b ∈ (1, µ),
Lr(1, b)L−r(1, b) > Ls(1, b)L−s(1, b). (6.5)
Consequently,
Lr(1, b
2)L−r(1, b
2) = Lr(1, b)L−r(1, b)Cr(1, b)C−r(1, b)
> Ls(1, b)L−s(1, b)Cs(1, b)C−s(1, b) = Ls(1, b
2)L−s(1, b
2).
Proof of Alzer’s Conjecture 21
That is, (6.5) holds for b ∈ (1, µ2). Thus, by induction, (6.5) holds for b ∈ (1,+∞).
Moreover, it follows from (6.5) that
Ls(1, b
2)L−s(1, b
2) > lim
t→+∞
Lt(1, b)L−t(1, b) = b
and
Lr(1, b
2)L−r(1, b
2) < lim
t→0
Lt(1, b)L−t(1, b) = L
2
0(1, b).
We get the proof. ✷
On the other hand, we have:
Corollary 6.3. Let 0 < r < +∞, b > a > 0. Then
(i) for any α ∈ (0, 1],
Cαr (a, b) + C
α
−r(a, b) > a
α + bα; (6.6)
(ii) for any β ∈ [0,+∞),
C2+βr (a, b) + C
2+β
−r (a, b) < a
2+β + b2+β ; (6.7)
(iii) for any β ∈ [0,+∞),
L1+βr (a, b) + L
1+β
−r (a, b) < a
1+β + b1+β . (6.8)
Proof. For any β ∈ (0,+∞), b > a > 0, it is easy to prove that
x1+β + y1+β < a1+β + b1+β ,
∀ (x, y) ∈ {(u, v)|
√
ab <
√
uv ≤ u+ v
2
<
a + b
2
}. (6.9)
(i) Let 0 < r < +∞, b > a > 0, α ∈ (0, 1]. We claim (6.6) holds. Otherwise,
Cαr (a, b) + C
α
−r(a, b) ≤ aα + bα. (6.10)
Thus, by (2.7) and take limitation in (6.9), we get
Cr(a, b) + C−r(a, b) ≤ a+ b.
Contradicts to (2.8). Therefore, (6.6) holds.
22 Hongwei Lou and Dongdi Liu
(ii) By (2.7) and (4.3),
C2r (a, b)C
2
−r(a, b) > a
2b2, C2r (a, b) + C
2
−r(a, b) < a
2 + b2.
Thus, it follows from (6.9) that
(
C2r (a, b)
)1+β
2 +
(
C2
−r(a, b)
)1+β
2
< (a2)1+
β
2 + (b2)1+
β
2 .
That is, (6.7) holds.
(iii) Similar to (6.7), we can get (6.8) directly from (1.4), (5.1) and (6.9). ✷
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